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A CRITERION FOR Z-STABILITY WITH APPLICATIONS TO 

CROSSED PRODUCTS 

JULIAN BUCK 


Abstract. Building on an argument by Toms and Winter, we show that if A 
is a simple, separable, unital, .2^-stable C*-algebra, then the crossed product of 
C(X, A) by an automorphism is also >2-stable, provided that the automorphism 
induces a minimal homeomorphism on X. As a consequence, we observe that 
if A is nuclear and purely infinite then the crossed product is a Kirchberg 
algebra. 


1. Introduction 

Ini, Jiang and Su constructed a C*-algebra Z (now known as the Jiang-Su alge¬ 
bra) which is simple, separable, unital, infinite-dimensional, strongly self-absorbing 
(in the sense of m), nuclear, and has the same Elliott invariant as the complex 
numbers C. A separable C*-algebra A is said to be Z-stable if there is an isomor¬ 
phism A® Z = A. The property of -Z-stability appears to be intimately connected 
to the question of whether or not a simple, separable, nuclear C*-algebra is classi¬ 
fied by its Elliott invariant. (See Olll] for example.) 

In this article, we prove the following: 

Theorem 1.1. Let X be an infinite compact metric space and let A be a simple, 
separable, unital, Z-stable C*-algebra. Let /3 S Aut(C(A, A)), and suppose that 
the homeomorphism (j)\ X ^ X induced by P is minimal. Then the crossed product 
C*-algebra, C'*(Z, C(A, A),/3) is also Z-stable. 

By “the homeomorphism induced by /3,” what is meant is the induced map on 
the primitive spectrum of C{X,A) (which can obviously be identified with X). 

Significant progress has been made in recent years on the classification of crossed 
product C*-algebras arising from minimal dynamical systems. Toms and Winter 
m) showed that crossed products of infinite, finite-dimensional metric spaces 
by minimal homeomorphisms have finite nuclear dimension and are 2^-stable, and 
consequently that, when the projections in the crossed product separate traces, 
the crossed products are classified by ordered K-theory. More recently Elliott and 
Niu ([U) have demonstrated that Z-stability holds for such crossed products even 
when X is infinite-dimensional, so long as the minimal dynamical system has mean 
dimension zero. 

Not as much is known in the case for crossed products of C*-algebras of the form 
C{X,A). Hua ([6]) has shown that in the case where X is the Cantor set, A has 
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tracial rank zero, and the automorphisms in the fibre direction are K-theoretically 
trivial, the resulting crossed product has tracial rank zero. Our result contributes 
to the understanding of these crossed products, which are further studied by the 
first-named author in [2] . The main results there assume that A is locally subhomo- 
geneous, and hence our Corollary 12.21 which deals with the case where A is purely 
infinite, is independent of the conclusions in [2]. 

We would like to thank Andrew Toms and Wilhelm Winter for suggesting the 
main technical lemma of this paper as a method to prove Theorem 11.11 and for 
other helpful comments. 


2. The proof 

The proof that certain crossed products here are Z-stable is based on an ar¬ 
gument of Toms and Winter that crossed products of C{X) by minimal homeo- 
morphisms are .E-stable. This argument appeared (as Theorem 4.4) in a preprint 
version ([16]) of [TJ. In the published version, it was replaced by an indirect proof 
of this fact. 

We have broken apart their argument into a more general criteria for E^-stability 
(the following theorem), followed by an application to our crossed products. 

Lemma 2.1. Let A be a separable, unital C*-algebra. Define cq, Ci/2, ci G C'([0, Ij) 
by 


0 t < 3/4, 


t = 0, 

1 t = l, 

ci(t) = < 0 

t > 1/4, 

linear else. 

1 linear 

else. 

fo 

t = 0,1, 


ci/2(i) = < 1 

1/4 < t < 3/4, 


1 linear 

else. 



Suppose that for any finite set C A and any rj > 0, there exist Z-stable subalge¬ 
bras Ag, Ai/ 2, Ai C A and a positive contraction h G A+ such that A1/2 C Ag fl Ai 
and for every a € X, there exist ai G Ci{h)AiCi(h) for i = 0, 1/2,1 such that 

||a — (og -|- ai /2 + ai)|| < r] and 
||[ai/ 2 , h]|| <r] 

It then follows that A is Z-stable. 

Proof. Using (TS] Theorem 7.2.2] and a diagonal sequence argument (cf. [HI Section 
4.1]), it suffices to find, for every e > 0 and every pair of finite subsets X (Z A and 
E C Z, a unital =i=-homomorphism 

(: Z ^ Aoo := A/ A, 

N N 

such that ||[iA(a), C('2^)]|l < ^ for all a G and z € £ (with 6: A —> Aoo the canonical 
embedding). 
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Therefore, let e > 0 and finite sets iF <Z A and £ G Z he given. Define 
do,di/ 2 ,rfi e <^([0,1]) by 


0 

t < 1/2, 

1 


t < 1/4, 

1 

t > 3/4, 

di(t) = { 

0 

t > 1/2, 

linear 

else. 

1 

1 linear 

else. 


fo 

t = 0 < 1/4,1 > 3/4, 


di/2(t) 


t = 1/2, 




linear else. 


Then {co,Ci/ 2 ,ci} and {do, rfi/ 2 j } are both partitions of unity for [0,1]. We then 
define 

C = C*{do®Z®lz®lzhidii2®lz®Z®lzGidx®lz®lz®Z) C (^([ 0 , 1])(3Z(3Z(3Z 
and 

C = C*(C{[O,l])Z>lz0Z^zUC). 

Identifying C'*(do, di/ 2 , di) in the obvious way with C{Y) where Y = [^,|], we 
note that C is a C'(y)-algebra, all of whose fibres are isomorphic to Z. Therefore, 
by [3], C is Z-stable, so there exists a unital ^-homomorphism C,: Z ^ C G C. 
Note that 

S ■— {do® Z®lz® Iz) U (di /2 ®lz®Z®lz)G (di ®lz®iz® Z), 

generates C as a C*-algebra. So, by approximating £ by ^-polynomials in S, we 
see that there exists /3 > 0 and a finite subset S' G S such that, if '0: C — >■ B is 
any ^-homomorphism between C*-algebras and & 1 || < B for all s G S' then 

||[V'(CW),&]|| < e /2 for all zG£. 

Set M = max{||z|| •. z G £} and let ry < e/(2M) be sufficiently small so that if 
||[ai/ 2 ,/i]|| <77 then 11 [ai/ 2 , di(/i)]|| < /3 for f = 0,1. Use the hypothesis to find the 
subalgebras Ai and the positive contraction h. 

Since each Ai is 2^-stable, there exists unital *-homomorphisms p,: Z -G (Ai)oon 
LAi{Ai) G Aoo n iA{Ai). Having found p ;^/2 first, a speeding up argument (cf. the 
proof of [H Proposition 4.4]) shows that we can arrange that Pi{Z) commutes with 
Pi/ 2 (- 2 ), for f = 0 , 1 . 

We may define a unital ^-homomorphism 7 : C —>■ A^c by setting 
7(/do ® z®lz ®lz) = (/do)(/i)po(z), 

7(/di/2 ®lz®z®^z) = {fdi/2){h)pi/2{z), 

7 (/di ®lz®^z®z) = {fdi){h)p^{z), 

for all / G (^^([0,1]). (The proof that this defines a ^-homomorphism mainly con¬ 
sists of checking that anything occurring on the right-hand sides of two different 
equations above commutes.) Finally, define (/ = 7 o ^> Aoo- 

For a G Fi, let a oq + 01/2 + o-i as in the hypothesis. In fact, we may assume 
that Oi = Ci{h)a'iCi{h) exactly, for some a' G Ai. Then, for z G £, 

[a, C(z)] ~ 2 ||z||e [oo, ^:] + [ai/ 2 , z] + [ai,z]. 

Notice that since C(z) G C, it follows that there exists zq G Z such that 

(C)(z)(t) = zo 0 Iz ® Iz 
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for all t £ [0,1/4]. Consequently, 

C{z)ai = 7 (ci (g) zo <8> 1^ (8> l 2 )a[ci{h) 

= ci{h)p^(zo)a[ci{h) 

= ci{h)a[pi{zo)ci{h) 

= aiCiz). 

(the last step is essentially done by reversing earlier steps). Likewise, C(-2^)'^o = 

aoC(z)- Also, we have for z G Z, 

[ai/2, 7 (do ( 8 > z (g) I2 (g) Iz)] = [01/2, do(^)Po(^)] 

= [ai/ 2 ,do{h)] 

<P- 

Likewise, we find that || [ai/ 2 , 7 (s)]|| < P for all s £ S', and therefore, 

II [ 01 / 2 , 7 ( 2 )] II < ^7/2 

for z £ E. It follows that 

ll[a,C(2)]|| < e/2 + e/2 = e, 

which completes the proof. □ 


Proof of Theorem \l.l[ Set B := C*(Z, C'(A, A),/3), and let u S B denote the 
canonical unitary. We shall show that B satisfies the hypotheses of Lemma 12.11 
Let 77 > 0 and a finite set F £ B he given. First, we may assume that 

F£ {u^C{X)-. 0<j<k-l} 


for some k > 1, since the linear span of these elements and their adjoints is dense 
in B. Set M := max{||/|| : Ff £ Combining Propositions 1.1 and 3.2 of [17], 
there exists h £ C{X) (g) l^i and points xo,xi £ X with disjoint orbits such that 
= j (foi” J = 0, 1 ) such that h, u satisfy the relations 


< 


3M’ 


\\[u,cphy/'^]\\< 


2rj 

3Mk{k - 1) 


for i = 0, 1/2,1 and with the Ci given as in the statement of Proposition 12.11 It 
then follows that, for a = u^f £ F and z = 0 , 1 / 2 , 1 , we have 


\\cPh)a - c,(/z)('=-^)/'=/(c.(/z)'/'=zz)"|| < MWcPhY/^u^ - {c^{hy/'^uY\\ 

<M\\[u,cYhY/’^]\\ie+{£-!) +■■■ + !) 
^ M£{i + 1) 2z7 

2 3Mk{k-l) 

< 77 / 3 . 


Thus, 

a = co{h)a + Ci/2(h)a + ci{h)a Kir, oo + ai/2 + oi, 

where a, = Ci(/z)('=-^)/'=/(c*(h)i/'=u)^. 

Set Yi := {xi} for z = 0,1 and F 1/2 := {xq, Xi}. For z = 0,1/2,1, set 

Ar :=C*(C(X,A)UuCo(X\Y,A))CB. 
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We see that Axji C AoCi Ai, and Ui € Ci(h)AiCi(h). Results of [2] show that each 
Ai is Z-stable. Moreover, for i = 0,1/2,1, (and in particular, for i = 1/2), 

||[ai/2>]|| < \\[Mh)u^f,h]\\ + ^ 

<M\\[u\h]\\+^ 

Mr] 2?7 

y 

= ri- 

This verifies the hypotheses of Lemma 12.11 and therefore, B is Z-stable. □ 

It is well-known (see [12]) that exact Z-stable C*-algebras are either stably finite 
or purely infinite. This allows us to obtain a useful corollary in the case where A 
is nuclear and purely infinite. 

Corollary 2.2. Adopt the hypotheses and notation of Theorem 11.11 and assume 
in addition that A is nuclear and purely infinite. Then i? is a Kirchberg algebra. 
Consequently, B has nuclear dimension at most 3. 

Proof. By Theorem 11.11 the algebra B is 2^-stable. It is clearly infinite, since 
it contains the purely infinite algebra A as the subalgebra ^c(x) ® A, and it is 
nuclear. Therefore it is purely infinite. Since B is simple (this essentially follows 
from m), it is a Kirchberg algebra. The conclusion about the nuclear dimension of 
B follows immediately from Thereom 7.1 of [10]. □ 

If A is in the UCT class, then so is the algebra B of Corollary 12.21 and hence 
such algebras are classified by their K-theory using the theorems of Kirchberg and 
Phillips (H, [IT]). 
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